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Abstract—This paper presents methods to compare networks
where relationships between pairs of nodes in a given network are
defined. We define such network distance by searching for the
optimal method to embed one network into another network,
and prove that such distance is a valid metric in the space
of networks modulo permutation isomorphisms. The network
distance defined can be approximated via multi-dimensional
scaling, however, the lack of structure in networks results in poor
approximations. To alleviate such problem, we consider methods
to define the interiors of networks. We show that comparing
interiors induced from a pair of networks yields the same result
as the actual network distance between the original networks.
Practical implications are explored by showing the ability to
discriminate networks generated by different models. This paper
is eligible for the student paper award.

Index Terms—Network theory, networked data, network com-
parison, metric spaces, pattern recognition

I. INTRODUCTION

The field of network science is predicated on the em-
pirical observation that network structure carries important
information about phenomena of interest. Network structures
have been observed to be fundamental in social organizations
[2] and differences in brain networks have been shown to
have clinical value in neurology and psychology [3]. The
fundamental value of network structure has led to an extensive
literature on network identification that is mostly concerned
with the identification of network features that serve as valu-
able discriminators in different contexts [4], [5]. However
valuable, it is material to recognize that it is possible for very
different networks to be indistinguishable from the perspective
of specific features, or, conversely, to have similar networks
that differ substantially on the values of some features. One
way to sidestep this limitation it to define and evaluate proper
network distances. This is the objective of this paper.

Without getting into the details of how a valid distance
might be defined, it is apparent that their computation is bound
to be combinatorial. Indeed, since permutations of unlabeled
nodes result in identical networks, distances must rely on
comparison between a combinatorial number of node corre-
spondences – evaluating distances is relatively simpler if nodes
are labeled [6]. An important observation in this regard is that
the space of finite metric spaces is a subset of the space of
networks composed of those whose edges satisfy the triangle
inequality. This observation is pertinent because there is a rich
literature on the comparison of metric spaces that we can adopt
as a basis for generalizations that apply to the comparison of
networks. Of particular interest here are the Gromov-Hausdorff
distance, which measures the size of the smallest modification
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that allows the spaces to be mapped onto each other [7], and
the partial embedding distance, which measures the size of
the smallest modification that allows a space to be embedded
in the other [8], [9]. The computation of either of these
distances is intractable. However, Gromov-Hausdorff distances
can be tractably approximated using homological features [10]
and embedding distances can be approximated using multi-
dimensional scaling (MDS) [8].

In prior work we have defined generalizations of the
Gromov-Hausdorff distance [11], [12] to networks, and uti-
lized homological features for computationally tractable ap-
proximate evaluations [13]. Our starting point here is the
partial embedding distance for metric spaces [8], [9]. Our goal
is to generalize embedding distances to arbitrary networks
and utilize MDS techniques for their approximate computa-
tion. The contributions of the paper are: (i) Define network
embeddings and a corresponding notion of partial embedding
distances. (ii) Provide a definition of the interior of a network.
The interior of a set of nodes is the set of points that can
be written as convex combinations of the nodes. When the
network forms a metric space, the dissimilarity between a pair
of points in the interior is the distance on the shortest path
between the pair. When the dissimilarities in the network do
not form a metric space, e.g. representing travel time between
nodes, such construction would yield conflict. The problem
can be solved by defining the dissimilarity between a pair of
points as the travel time on the shortest path between the pair.
(iii) Define embeddings for extended networks. We show that
the embedding distance that results from this restriction is the
same embedding distance between the original networks. We
exploit Contributions (ii) and (iii) to approximate the com-
putation of embedding distances using the MDS techniques
in [9] but applied to networks extended to their interiors.
The definition of an interior improves the quality of MDS
distance approximations. We illustrate this in Section IV with
an illustrative example and also demonstrate the ability to
discriminate networks with different generative models.

II. EMBEDDINGS

A network is defined as a pair NX = (X, rX), where X
is a finite set of nodes and rX : X2 = X × X → R+ is a
function encoding dissimilarity between pairs. For x, x′ ∈ X ,
values of this function are denoted as rX(x, x′). We assume
that rX(x, x′) = 0 if and only if x = x′ and we further restrict
attention to symmetric networks where rX(x, x′) = rX(x′, x)
for all pairs of nodes x, x′ ∈ X . The set of all such networks
is denoted as N .
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Fig. 1: An example where different networks result in identical multi-dimensional scaling results. Such a caveat would be solved by inducing
semimetrics in the space defined by the given networks, as we develop throughout Section III.

When defining a distance between networks we need to
take into consideration that permutations of nodes amount to
relabelling nodes and should be considered as same entities.
An important notion is called isometric embedding. We say
that a map φ : X → Y is an isometric embedding from
NX = (X, rX) to NY = (Y, rY ) if

rX(x, x′) = rY (φ(x), φ(x′)) (1)

holds for all points x, x′ ∈ X . Since rX(x, x′) =
rY (φ(x), φ(x′)) for any x, x′ ∈ X , rX(x, x′) > 0 for x 6= x′

and rY (y, y) = 0, the map φ is injective. This implies that the
condition can only be satisfied when NX = (X, rX) is a sub-
network of NY = (Y, rY ). Such a map is called an isometric
embedding. When NX can be isometrically embedded into
NY , we write NX v NY . With isometric embedding, we can
state the notion of embedding metric, which can be considered
as an asymmetric version of metric distance.

Definition 1 Given a space S and an isometric embedding
v, a function d : S × S → R is an embedding metric in S if
for any a, b, c ∈ S the function d satisfies:

(i) Nonnegativity. d(a, b) ≥ 0.
(ii) Embedding identity. d(a, b) = 0 if and only if a v b.
(iii) Triangle inequality. d(a, b) ≤ d(a, c) + d(c, b).

We can define the distance from one network to another
network by selecting the mapping that makes them most
similar as we formally define next.

Definition 2 Given two networks NX = (X, rX), NY =
(Y, rY ), and a map φ : X → Y from X to Y , define the
network difference with respect to φ as

∆X,Y (φ) := max
x,x′∈X

∣∣∣rX(x, x′)− rY (φ(x), φ(x′))
∣∣∣. (2)

The partial embedding distance from NX to NY is defined as

dPE(NX , NY ) := min
φ:X→Y

{
∆X,Y (φ)

}
. (3)

Definition 2 considers a mapping between the node space X
and Y , compare dissimilarities, and set the network distance to
the comparison that yields the smallest value in terms of max-
imum differences. In defining the distance, ∆X,Y (φ) selects
the difference |rX(x1, x2)− rY (y1, y2)| among all pairs. The
distance dPE(NX , NY ) is defined by selecting the mapping
that minimizes these maximal differences. We show in the
following proposition that the function dPE : N × N → R+

is, indeed, an embedding metric in the space of networks.

Proposition 1 The function dPE : N × N → R+ defined in
(3) is an embedding metric in the space N .

These distances has been considered in comparing surfaces
and shapes [8], [14], where efficient approximation methods
based MDS have been proposed. The construction of these
distances to networks would provide us methods to see if
one network is a sub-network of another bigger network,
provided by Proposition 1. Nonetheless, because networks
do not satisfy triangle inequalities, the relationships between
points in networks lack the constraints. These would create
the undesired scenarios that multiple different networks have
identical results through MDS. Figure 1 illustrates an example
of such scenario, which would deteriorate the performance of
approximations. To alleviate this problem, we propose in the
next section a different perspective to understand networks –
not only they define pairwise relationship between given nodes
in the network, networks actually define a space where dissimi-
larities between any points represented by convex combination
of given nodes in the networks are defined. Moreover, we will
demonstrate that the partial embedding distance has the nice
property that comparing the networks resulting from points
inside the induced space sampled from equivalent methods is
the same as comparing the original networks, e.g. Theorem 1.

III. INTERIORS

We provide a different perspective to think of networks as
semimetric spaces where: (i) There are interior points defined
by convex combinations of given nodes. (ii) Dissimilarities
between these interior points are determined by the dissimi-
larities between the original points. To substantiate the formal
definition (Definition 3) we discuss the problem of defining the
interior of a network with three points. As illustrated in Figure
2, nodes are denoted as a, b, and c and dissimilarities are de-
noted as rX . Our aim is to induce a space (SX , sX) where the
dissimilarities in the induced space are sX : SX ×SX → R+.
We require that SX preserves the distance of original points
in NX such that sX(a, b) = rX(a, b), sX(a, c) = rX(a, c),
and sX(b, c) = rX(b, c).

Points inside the network are represented in terms of convex
combinations of the original points a, b, and c. Specifically,
a point m in the interior of the network is represented by
the tuple (ma,mb,mc) which we interpret as that m contains
an ma proportion of a, an mb proportion of b, and an mc

proportion of c. Points e, f , and g on Figure 2 contain null
proportions of some nodes and are interpreted as lying on the
edges. Do notice that although we are thinking of m as a point
inside the triangle, a geometric representation does not hold.
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Fig. 2: An example of induced space with points defined in the
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that SX includes infinite number of points formed by the convex of
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Fig. 3: Comparing arbitrary points inside the space induced from
networks of three nodes. Given a pair of nodes p and m in the
induced space, we need to find paths from p to m that are consisted
of vectors parallel to the direction of original nodes in the networks,
e.g. a to b, a to c, and/or b to c. We assume the direction of original
nodes in the networks have unit amount of transformation. Potential
choices of paths from p to m include: p to m via q1, via q2, or
via q3. Of them, the path p to m via q1 has the smallest amount of
transformation traversed along the path.

First we consider the case that the triangle inequality is
satisfied by rX . To evaluate the dissimilarities between p
represented by the tuple (pa, pb, pc) and m represented by
the tuple (ma,mb,mc) using dissimilarities in the original
network, we need to find a path consisting of vectors parallel
to the edges in the network that go to m from p. Specifically,
denote wab as the proportion transversed in the direction
from a to b in the path. For a positive value wab, compared
to p, m becomes more similar to b by wab units and less
similar to a by −wab units; for a negative wab, compared
to p, m becomes more similar to a and less similar to b.
Proportion transversed in other directions, e.g. from a to c
and from b to c, are denoted as wac and wbc, respectively.
For the path transversing wab from a to b, wac from a to
c, and wbc from b to c, the dissimilarity can be denoted as
|wab|rX(a, b) + |wac|rX(a, c) + |wbc|rX(b, c). There may be
many different paths from p to m, as illustrated in Figure 3.
Out of all paths, only the one yielding the smallest distance
is considered. This means the dissimilarity sX(p,m) between
p and m can be defined by solving the following problem,

min |wab| rX(a, b) + |wac| rX(a, c) + |wbc| rX(b, c)

s. t. ma = pa − wab − wac,
mb = pb + wab − wbc,
mc = pc + wac + wbc.

(4)

The constraints make sure that the path starts with tuple
(ma,mb,mc) and ends with tuple (pa, pb, pc). This is like the
definition of Manhattan distance. In fact, if Manhattan was a

triangle with three endpoints and the roads in Manhattan were
in a triangle grid, then the distance between any pair of points
in Manhattan would be evaluated as in (4).

When relationships in rX do not satisfy triangle inequality,
e.g. rX(a, b) + rX(b, c) < rX(a, c), however, the construction
in (4) is problematic since the optimal solution in (4) would
yield sX(a, c) = rX(a, b) + rX(b, c), which violates our
requirement that sX(a, c) should be the same as rX(a, c). The
problem arises because each segment in a given path contains
two pieces of information – the proportion of transformation,
and the dissimilarity created of such transformation. E.g. for
the path segment pq1 in Figure 3, it represents w?ab units
of transformation from a to b, and also denotes a dissim-
ilarity between p and q1 as |w?ab|rX(a, b). The two pieces
of information unite when rX is a metric, however, create
conflicts for dissimilarities in a general network. To resolve
such issue, we could separate the amount of transformation
from the dissimilarity incurred due to transformation. Firstly,
we find the path with the smallest amount of transformation

min |wab|+ |wac|+ |wbc|
s. t. ma = pa − wab − wac,

mb = pb + wab − wbc,
mc = pc + wac + wbc.

(5)

Then, for the optimal path w?ab, w
?
ac, and w?bc in (5), define

the dissimilarity as the distance transversed on the path, i.e.

sX(p,m)=|w?ab|rX(a, b)+|w?bc|rX(b, c)+|w?ac|rX(a, c). (6)

The problem in (5) can always be solved since it is underdeter-
mined due to the facts that ma+mb+mc = pa+pb+pc = 1. It
traces back to (4) when relationships in network are metrics.
Moreover, it satisfies our requirement sX(a, b) = rX(a, b),
sX(a, c) = rX(a, c), and sX(b, c) = rX(b, c) for any net-
works. Regarding our previous example of a triangle-shaped
Manhattan with three endpoints, suppose relationships in the
network denote the amount of travel time between the end-
points. These relationship may not necessarily satisfy triangle
inequalities. Suppose roads in Manhattan form a triangle grid,
the problem in (5) is finding the shortest path between a pair
of locations in Manhattan. The dissimilarity in (6) describes
the travel time between these locations using the shortest path.

Given any network with arbitrary number of nodes, we
define the induced space as a generalization to the case for
nodes with three nodes we developed previously.

Definition 3 Given a network NX = (X, rX) with X =
{1, 2, . . . , n}, the induced space (SX , sX) is defined such that
the space SX is the convex hull of X with SX = {m =
(m1,m2, . . . ,mn) | mi ≥ 0,

∑
i∈X mi = 1}. Given a pair of

nodes m, p ∈ SX , the path yielding the smallest amount of
transformation from p to m is obtained through the problem{

w?ij
}

= argmin
∑

i,j∈X,i<j
|wij |

s. t. mi = pi −
∑

j∈X,j>i
wij +

∑
j∈X,j<i

wji, ∀i
(7)



The distance between p and m is then the distance traversed
proportional to the original relationships weighted by the path,

sX(p,m) =
∑

i,j∈X,i<j

∣∣w?ij∣∣ rX(i, j). (8)

The induced space SX is the convex hull constructed by
all nodes i ∈ X . Each node in the induced space m ∈
SX can be represented as a tuple (m1,m2, . . . ,mn) with∑
i∈X mi = 1 where mi represents the percentage of m

inheriting the property of node i ∈ X . To come up with
distance between pairs of points p,m ∈ SX with the respective
tuple representation (p1, p2, . . . , pn) and (m1,m2, . . . ,mn),
we consider each edge in the original space X , e.g. from i to
j, represents one unit of cost to transform i into j. We want to
find the smallest amount of cost to transform p into m. This
is solved via (7). This gives us the optimal path with weights
{w?ij} meaning that the most cost-saving transformation from
p into m is to undertaking w?ij unit of transformation along the
direction of transforming i into j. The distance in the induced
space sX(p,m) is then the distance traversed proportional to
the original relationships weighted by the path defined in (8).

Proposition 2 The space (SX , sX) induced from NX =
(X, rX) defined in Definition 3 is a semimetric space in SX .
Moreover, the induced space preserves relationships: when
p,m ∈ X , sX(p,m) = rX(p,m).

The semimetric established in Proposition 2 guarantees
that the points in the induced space with their dissimilarity
sX(p,m) are well-behaved. We note that semimetric is the best
property we can expect, since the triangle inequality may not
be satisfied even for the dissimilarities in the original networks.
Next we show that the embedding distance is preserved when
interiors are considered. To begin with, notice that since
semimetrics are induced purely from the relationships in the
original network, a pair of networks NX and NY can be
compared by considering their induced space, as we state next.

Definition 4 Given two networks NX = (X, rX) and NY =
(Y, rY ) with their respective induced space (SX , sX) and
(SY , sY ), for a map φ : SX → SY from the induced space SX
to the induced space SY such that φ(x) ∈ Y for any x ∈ X ,
define the network difference with respect to φ as

∆SX ,SY
(φ) := max

x,x′∈SX

∣∣∣sX(x, x′)− sY (φ(x), φ(x′))
∣∣∣. (9)

The partial embedding distance from NX to NY measured
with respect to the induced spaces is then defined as

dPE, S(NX , NY ) := min
φ:SX→SY |φ(x)∈Y,∀x∈X

{
∆SX ,SY

(φ)
}
. (10)

The partial embedding distance dPE, S(NX , NY ) with re-
spect to the induced space in (10) is defined similarly as
dPE(NX , NY ) in (3) however considers the mapping between
all elements in the induced spaces. Observe that we further
require that the embedding satisfy φ(x) ∈ Y for any x ∈ X .
This ensures the original nodes of network X are mapped to

original nodes of network Y . The restriction is incorporated
because it makes the embedding distance dPE, S(NX , NY )
with respect to the induced spaces identical to the original
embedding distance dPE(NX , NY ) as we state next.

Theorem 1 The function dPE, S : N × N → R+ defined in
(10) is an embedding metric in the space N and yields the
same distance as the function dPE defined in (3),

dPE, S(NX , NY ) = dPE(NX , NY ), for all NX , NY . (11)

The statement in Theorem 1 justifies comparing networks
via their respective induced space. Since the induced spaces
incorporate more information of the original networks while
at the same time dPE, S(NX , NY ) = dPE(NX , NY ), an ap-
proximation to dPE, S(NX , NY ) via the induced space would
be a better approximation to dPE(NX , NY ). Despite that the
definition of interiors of networks is somewhat arbitrary, its
practical usefulness can be justified from Theorem 1.

It may appear that the evaluation of the induced space
is costly. However, we demonstrate in [1] that the partial
embedding distances have another nice property that if we
sample a number of points in the induced spaces respectively
according to the same rule, the distance between the sampled
induced space is the same as the original distance. This means
that, if we only take several samples in the induced space,
comparing the combination of nodes in the respective original
networks and sampled nodes in the induced space would yield
the same result as comparing the original networks. Figure
4 illustrates the same network considered in Figure 1 where
MDS based on the sampled induced points would succeed in
distinguishing networks that are different.

IV. APPLICATION

We consider the comparison and classification of three
types of synthetic weighted networks. Edge weights in all
three types of networks encode similarities between nodes.
The first type of networks are with weighted Erdős-Rényi
model, where the edge weight between any pair of nodes is
a random number uniformly selected from the unit interval
[0, 1]. In the second type of networks, the coordinates of the
vertices are generated uniformly and randomly in the unit
circle, and the edge weights are evaluated with the Gaussian
radial basis function exp(−d(i, j)2/2σ2) where d(i, j) is the
distance between vertices i and j in the unit circle and σ is a
kernel width parameter. In all simulations, we set σ to 0.5.
The edge weight measures the proximity between the pair
of vertices and takes value in the unit interval. In the third
type of networks, we consider that each vertex i represents
an underlying feature ui ∈ Rd of dimension d, and examine
the Pearson’s linear correlation coefficient ρij between the
corresponding features ui and uj for a given pair of nodes
i and j. The weight for the edge connecting the pair is then
set as ρij/2 + 0.5, a proximity measure in the unit interval.
The feature space dimension d is set as 5 in all simulations.
We want to see if network comparison tools proposed succeed
in distinguishing networks generated from different processes.
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Fig. 4: The caveat illustrated in Figure 1 could be solved by considering the induced sample space where we utilize the same predetermined
sampling strategy – taking midpoints for all edges – in the network.
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Fig. 5: MDS of networks from three different models w.r.t the
approximation to the embedding distance. In the embeddings, red
circles denote networks constructed from the Erdős-Rényi model,
blue diamonds represent networks constructed from the unit circle
model, and black squares the networks from the correlation model.

We consider networks with number of nodes ranging be-
tween 20 and 25. Two networks are randomly generated for
each network type and each number of nodes, resulting in 60
networks in total. We then use the MDS methods introduced
in [8], [9] to approximate the embedding network distance
dPE defined in Definition 2. To solve the asymmetric issue of
dPE, we take the maximum dPE(NX , NY ) and dPE(NY , NX),
making them symmetric and a valid metric [1] to be used in
MDS. To evaluate the effectiveness of interiors of networks de-
scribed in Section III, we add midpoints for all edges in a given
network. Figure 5 (a) and (b) illustrate the two dimensional
Euclidean embeddings of the network metric approximations
with and without interiors respectively. Despite the fact that
networks with same model have different number of nodes,
dissimilarities between network distance approximations are
smaller when their underlying networks are from the same
process. Considering interiors result in a more distinctive
clustering pattern. An unsupervised classification with two
linear boundaries would yield 1 out of 60 errors (1.67%) for
networks with interiors added and 5 errors (8.33%) without
interiors. These results illustrate that (i) comparing networks
by using embedding distance succeeds in identifying networks
with different properties, and (ii) adding interiors to networks
to form regular sample pair as in Section III would yield better
approximations to the actual network distances.

V. CONCLUSION

We present a different perspective to consider networks by
defining a semimetric space induced from all the relationships

in a given network. We demonstrate that comparing the
respective induced space between a pair of networks outputs
the identical distance as evaluating the discrepancy between
the original network by embedding one network into another
network. Therefore, better approximations to the network met-
ric distances can be constructed by examining the respective
induced space. We illustrate that such methods succeed in
classifying networks constructed from different processes and
the improvement using interiors of networks.
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