
Axiomatic Hierarchical Clustering for
Intervals of Metric Distances

Weiyu Huang and Alejandro Ribeiro

Abstract—This paper considers metric spaces where distances
between a pair of nodes are represented by distance intervals.
The goal is to study methods for the determination of hierarchical
clusters, i.e., a family of nested partitions indexed by a resolution
parameter, induced from the given distance intervals of the metric
spaces. Our construction is based on defining admissible methods
to be those methods that abide to the axioms of value and
transformation. Two admissible methods are constructed and
are shown to provide upper and lower bounds in the space
of admissible methods. Practical implications are explored by
clustering networks representing brain structural connectivity
using the lower and upper bounds of the network distance.
The proposed clustering methods succeed in differentiating brain
connectivity networks of patients from those of healthy controls.

Index Terms—Clustering, hierarchical clustering, axiomatic
clustering, network theory, metric spaces, network comparison

I. INTRODUCTION

The problem of identifying clusters of metric data has
been studied extensively. There are literally hundreds of meth-
ods, techniques, and heuristics that can be utilized to the
identification of clusters in finite metric spaces [2]. While
theoretical development of clustering methods is not as well
studied as practical counterparts [3], the past decade saw the
evolvement of theories [4]. Of strong relevance to our work is
the hierarchical clustering, where, instead of a single partition,
we search for a family of partitions indexed by a connectivity
parameter [5]. In this context, it has been proved in [4] and that
single linkage [5, Ch. 4] is the unique hierarchical clustering
method that abides to the three reasonable properties. These
properties expect that the hierarchical clustering of a metric
space with two points is the same metric space, that no pairs
are clustered at resolutions smaller than the minimum distance
in the space, and that when distances reduce, the metric space
may only be clustered more but not less.

When we consider the distance between any pair of nodes
given in a distance interval, we move into the realm of clus-
tering with uncertain observations where the unpredictability
is given by the distance intervals. Of particular relevance is
the construction of models to replicate the key properties of
uncertainties in the data [6] as well as the consideration of
multiple observations of points given in a Euclidean space [7].
Compared to these previous work, we investigate situations
where the only available information is the upper and lower
bounds of the actual metric between any pairs. This can be
considered as a more crude observation and a generalization
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Fig. 1: An example of metric space where distances between
pairs of nodes are given in lower and upper bounds.

of the other two approaches. Another related problem is the
clustering of asymmetric relationships between nodes [8], [9].
The difference between the two is that in metric spaces with
distance given by intervals, both upper and lower bounds
represent the symmetric relationship between the pair however
involve the uncertainty, whereas in asymmetric networks, all
observation is certain however the relationship from a to b
may not be the same as the relationship from b to a.

The goal of this paper is to extend the axiomatic hierarchical
clustering previously explored in [4], [9] for clustering of
metric spaces where distance are given by intervals and to im-
pose desired properties that we should demand for reasonable
methods. With these properties, we proceed to characterize the
space of methods that are admissible with respect to them.

II. PRELIMINARIES

We consider a metric space MX to be a pair (X, dX) where
X is a finite set of nodes and dX : X ×X → R+ is a metric
distance. In specific, dX(x, x′) between nodes x ∈ X and
x′ ∈ X is assumed to be nonnegative for all pairs x, x′, is
symmetric such that dX(x, x′) = dX(x′, x), and is 0 if and
only if the nodes coincide with x = x′; dX also satisfies
triangle inequality with dX(x, x′′) ≤ dX(x, x′) + dX(x′, x′′)
for any triplets x, x′, x′′ ∈ X . The interest of study in this
paper is not on the metric space MX , but in scenarios where
observation of dX(x, x′) is not exact but given in a confidence
interval. Formally, we consider IX as the triplet (X, d̄X , dX)
where given a pair of nodes x, x′ ∈ X , we therefore have
the relationship 0 < dX(x, x′) ≤ dX(x, x′) ≤ d̄X(x, x′). The
bounds d(x, x′) as well as d̄(x, x′) between nodes x, x′ ∈
X are nonnegative for all pairs and 0 if and only if x =
x′; moreover, they are symmetric, i.e. d(x, x′) is the same as
d(x′, x) and similarly for d̄(x, x′). However, they they may not
necessarily satisfy the triangle inequality. We define I as the
set of all metric spaces where the actual distance is observed
in a confidence intervals. Entities in I may have different node
sets X as well as different distance lower or upper bounds.

An example metric space with distance given by intervals
is shown in Fig. 1. The smallest nontrivial case contains two
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Fig. 2: Two-node space ∆2(d̄, d) and the Axiom of Value:
nodes are clustered at the combination of the distance bounds.

nodes p and q with distance lower bound d(p, q) = d as well
as upper bound d̄(p, q) = d̄ ≥ d > 0 is described in Fig. 2.
We define the two-node space ∆2(d, d̄) with d and d̄ as

∆2(d, d̄) := ({p, q}, d, d̄). (1)

A clustering of the set X denotes a partition PX of X , i.e.
a collection of pairwise disjoint sets PX = {S1, S2, . . . , SJ}
with Si ∩ Sj = ∅ for any i 6= j are required to cover X ,
∪Jj=1Sj = X . The sets S1, . . . , SJ are named the clusters of
PX . An equivalence relation ∼ on X is a binary relation such
that for all x, x′, x′′ ∈ X we have that (1) x ∼ x, (2) x ∼ x′ if
and only if x′ ∼ x, and (3) x ∼ x′ and x′ ∼ x′′ would imply
x ∼ x′′. A partition PX = {S1, S2, . . . , SJ} of X always
induces and is induced by an equivalence relation ∼PX

on X
where for all x, x′ ∈ X we have that x ∼PX

x′ if and only if
x and x′ is cluttered to the same set Sj for some j.

In this paper we focus on hierarchical clustering methods
[4], [9]. The output of hierarchical clustering methods is not
a single partition PX but a nested collection DX of partitions
DX(δ) of X indexed by the resolution parameter δ ≥ 0. In
the language of equivalence relation defined previously, for a
given DX , we say that two nodes x and x′ are equivalent at
resolution δ with notation x ∼DX(δ) x

′ if and only if nodes x
and x′ are in the same cluster of DX(δ).

Dendrograms are difficult to analyze. A more convenient
representation is acquired when dendrograms are identified
with finite ultrametric spaces. An ultrametric on the space X
is a metric uX : X×X → R+ satisfying the stronger triangle
inequality such that any points x, x′, x′′ ∈ X , the ultrametrics
uX(x, x′′), uX(x, x′), and uX(x′, x′′) abide to the relationship

uX(x, x′′) ≤ max
(
uX(x, x′), uX(x′, x′′)

)
. (2)

We investigate ultrametrics because it preserves the structure
of dendrograms [4]. Given a dendrogram, its corresponding
ultrametric is uX(x, x′) := min

{
δ > 0 : x ∼DX(δ) x

′}; given
an ultrametric, its associated equivalence relationship ∼uX(δ)

is x ∼uX(δ) x
′ ⇔ uX(x, x′) ≤ δ. From this equivalence, we

consider hierarchical clustering method H as a map H : I →
U to the space of ultrametrics. Two clustering methods H1

and H2 are said to be equivalent with H1 ≡ H2 if and only
if H1(I) = H2(I) for any I ∈ I.

The notions of chain and chain cost are substantial in
hierarchical clustering. Given a metric space with distance
intervals (X, d, d̄) and a pair of nodes x, x′ ∈ X , a chain
from x to x′ is any ordered sequence of nodes in X ,

[x = x0, x1, . . . , xl−1, xl = x′], (3)

which begins with x and ends at x′. We denote C(x, x′) as
one such chain and say C(x, x′) connects x to x′. Given two
chains C(x, x′) and C(x′, x′′) such that the end point x′ of
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Fig. 3: Axiom of Transformation. If IX can be mapped to IY
using a α-distance-reducing map φ, then for every δ nodes
clustered together in DX(δ) must also be clustered in DY (δ).

the first chain is the same as the starting point of the second,
we define the concatenated chain C(x, x′) ] C(x′, x) as

[x = x0, x1, . . . , xl−1, xl = x′ = x′0, x
′
1, . . . , x

′
l′ = x′′]. (4)

For C(x, x′), we define its upper cost and lower cost as

max
i|xi∈C(x,x′)

d̄X(xi, xi+1), max
i|xi∈C(x,x′)

dX(xi, xi+1), (5)

The minimum upper chain cost c̄(x, x′) and the minimum
lower chain cost c(x, x′) between x and x′ is then defined
respectively as the minimum upper and lower cost among all
chains connecting x to x′,

c̄X(x, x′) := min
C(x,x′)

max
i|xi∈C(x,x′)

d̄X(xi, xi+1), (6)

cX(x, x′) := min
C(x,x′)

max
i|xi∈C(x,x′)

dX(xi, xi+1). (7)

The minimum upper chain cost c̄X(x, x′) and lower chain
cost cX(x, x′) are different in general, however they are
equal in the degenerate case where distance lower bounds
and upper bounds coincide with dX(x, x′) = d̄X(x, x′) :=
dX(x, x′) for any x, x′ ∈ X . In this case, the minimum cost
c̄X(x, x′) = cX(x, x′) are important in the construction of
the single linkage [4]. In specific, single linkage ultrametric
uSL
X (x, x′) between x and x′ is

uSL
X (x, x′) = min

C(x,x′)
max

i|xi∈C(x,x′)
dX(xi, xi+1). (8)

It can be seen that c̄X is the result of applying single linkage
towards the node set X equipped with dissimilarity d̄X despite
the fact that d̄X may not be a valid metric; similar result holds
for cX . In the degenerative case where distance lower bounds
and upper bounds coincide, it is equivalent to consider metric
spaces (X, dX). It has been shown [4] that single linkage
is the unique hierarchical clustering method fulfilling axioms
(A1) and (A2) discussed in Section III. In the case when the
dissimilarity dX(x, x′) is unknown but given in an interval
[dX(x, x′), d̄X(x, x′)] instead, the space of methods satisfying
axioms (A1) and (A2) and their analogous ones becomes
richer, as we explain throughout the paper.

III. AXIOMS OF VALUE AND TRANSFORMATION

To study hierarchical clustering methods on metric spaces
where dissimilarities are given in distance intervals, we trans-
late natural concepts into the axioms of value and transforma-
tion, described in this section. We say a hierarchical clustering
method H is admissible if and only if it satisfies both the the
axioms of transformation and value.



The Axiom of Value is achieved by considering the two-
node space ∆2(d, d̄). In the degenerate special case where
d = d̄ := d(p, q), it is apparent that the resolution at which
nodes p and q are first clustered together should be d(p, q).
In general scenarios where the dissimilarity d(p, q) is given
in an interval [d, d̄] with d < d̄, we say that nodes p and q
form a single cluster first at resolution δ := αd̄+(1−α)d, the
convex combination of the upper and lower bounds d̄ and d.
Property of hierarchical clustering then indicates nodes p and
q are clustered together at any resolution δ ≥ αd̄+ (1− α)d.
The parameter α controls the level of confidence in examining
the distance intervals. A higher value of α implies a more
conservative consideration, where in the extreme case with
α = 1, nodes p and q are clustered together at the distance
upper bound d̄. We formalize this intuition as next.

(A1) Axiom of Value. Given 0 ≤ α ≤ 1, the ultrametric
output ({p, q}, up,q) = H(∆2(d, d̄)) resulted from apply-
ing H upon the two-node space ∆2(d, d̄) satisfies that
up,q(p, q) = αd̄+ (1− α)d.

The second requirement on the space of desired methods
H formalizes the intuition for the behavior of H when
considering a transformation on the distance bounds on the
underlying space X; see Fig. 3. Consider IX = (X, dX , d̄X)
and IY = (Y, dY , d̄Y ) and denote DX = H(X, dX , d̄X)
and DY = H(Y, dY , d̄Y ) as the corresponding dendrogram
outputs. If we can map all the nodes of the triplet (X, dX , d̄X)
into nodes of (Y, dY , d̄Y ) such that the combination of lower
and upper bounds for any pair of nodes is not increased, we
expect the latter metric distance intervals to be more clustered
than the former one at any given resolution. Intuitively, nodes
in IY are less dissimilar with respect to each other, and
therefore at any resolution δ in the respective dendrograms,
we expect that for nodes that are clustered in IX , their
corresponding nodes in Y are also clustered in IY . In order
to formalize this intuition, we introduce the following notion
that given IX = (X, dX , d̄X), IY = (Y, dY , d̄Y ), and a value
0 ≤ α ≤ 1, the map φ : X → Y is called α-distance-reducing
if for any x, x′ ∈ X , it holds that

d̂X(x,x′)≥ d̂Y(φ(x),φ(x′)), ĉX(x,x′)≥ ĉY(φ(x),φ(x′)), (9)

where we define d̂X(x, x′) := αd̄X(x, x′) + (1−α)dX(x, x′)
and similarly ĉX(x, x′) := αc̄X(x, x′) + (1 − α)cX(x, x′).
A mapping is α-distance-reducing if both the combinations
of distance bounds and chain costs are non-increasing. In
the degenerate case where distance lower and upper bounds
coincide, uSL

X (x, x′) := c̄X(x, x′) = cX(x, x′) is the output
of applying single linkage upon the metric space. Therefore
the first inequality in (9) becomes identical as dX(x, x′) ≥
dY (φ(x), φ(x′)), from which cX(x, x′) ≥ cY (φ(x), φ(x′))
follows directly. In general cases, ĉX(x, x′) ≥ ĉY (φ(x), φ(x′))
does not follow from d̂X(x, x′) ≥ d̂Y (φ(x), φ(x′)). The Ax-
iom of Transformation is a formal statement of the intinction.

(A2) Axiom of Transformation. Consider IX =
(X, dX , d̄X) and IY = (Y, dY , d̄Y ) and a given α-
distance-reducing map φ : X → Y . For any pair of nodes
x, x′ ∈ X , the output ultrametrics uX = H(X, dX , d̄X) and
uY = H(Y, dY , d̄Y ) satisfy uX(x, x′) ≥ uY (φ(x), φ(x′)).

In summary, Axiom (A1) specifics our tendency in believing
lower or upper bounds. Axiom (A2) states that if we reduce
both the distance bounds, clusters may be combined but cannot
be separated. These axioms are an adaption of the axioms
proposed in [4] for the degenerate case of dX = d̄X , and the
axioms proposed in [9] for asymmetric networks.

IV. ADMISSIBLE ULTRAMETRICS

Consider a specific metric space with distances given by
intervals IX = (X, dX , d̄X) ∈ I. Given a value 0 ≤ α ≤ 1,
one particular clustering method satisfying axioms (A1) and
(A2) can be established by examining the α-combined dis-
similarity d̂X(x, x′) for all pair of nodes x, x′ ∈ X . Though
d̂X does not necessarily satisfy the triangle inequality as
the original metric distance dX , it is symmetric; therefore
the α-combined dissimilarity effectively reduces the problem
to clustering of symmetric data, a case where the single
linkage method defined in (8) is shown to abide to axioms
analogous to (A1) and (A2) [4]. Based on this observation,
we define the combine-and-cluster method HCO with output
(X,uCO

X ) = HCO(X,AX) between a pair x and x′ as

uCO
X (x, x′) := min

C(x,x′)
max

i|xi∈C(x,x′)
d̂X(xi, xi+1). (10)

An illustration of the combine-and-cluster clustering method
is shown in Fig. 4. For a given pair of nodes x and x′, we
look for chains C(x, x′) connecting them. For a considered
chain we examine each of its link, connecting say xi with
xi+1, and investigate the convex combination of the distance
bounds, i.e. the value of d̂X(xi, xi+1) = αd̄X(xi, xi+1)+(1−
α)dX(xi, xi+1). The maximum value across all links in this
chain is then recorded. The combine-and-cluster ultrametric
uCO
X (x, x′) between points x and x′ is the minimum of this

value across all possible chains connecting x and x′.
In combine-and-cluster clustering, nodes x and x′ belong to

the same cluster at resolution δ whenever we can find a single
chain such that the maximum convex combination of distance
bounds is no greater than δ. In cluster-and-combine clustering,
we switch the order of operations and investigate chains,
potentially different, connecting x and x′, with one chain
focusing on the distance upper bounds and the other chain
examining the distance lower bounds, before combining the
upper and lower estimations. To state this definition regarding
ultrametrics, consider IX = (X, dX , d̄X) and 0 ≤ α ≤ 1.
We define the cluster-and-combine method HCL with output
(X,uCL

X ) = HCL(X, dX , d̄X) as

uCL
X (x, x′) := min

C(x,x′)
max

i|xi∈C(x,x′)
ĉX(xi, xi+1)), (11)

An illustration of the cluster-and-combine clustering method
is described in Fig. 5. For any pair of nodes, we consider
the convex combination ĉX(x, x′) of minimum chain costs.
The output of the cluster-and-combine clustering method is
the result by applying single linkage HSL [cf. (8)] onto the
convex combination ĉX(x, x′). The single linkage is applied
towards ĉX(x, x′) because convex combination of ultrametrics
is a metric but not necessarily an ultrametric. We demonstrate
that the output uCO

X and uCL
X are valid ultrametrics and the

methods HCL and HCO abide to axioms (A1) and (A2).
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Fig. 4: Combine-and-cluster clustering. Nodes x and x′ are clustered together at resolution δ if there exists a chain such that
the maximum convex combination of distance bounds d̂X(xi, xi+1) is no greater than δ [cf. (10)].
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Fig. 5: Cluster-and-combine clustering. Nodes x and x′ are clustered together at resolution δ if there exists a chain such that
the maximum convex combination ĉX(x, x′) of minimum upper and lower chain costs is no greater than δ [cf. (11)].

Proposition 1 The combine-and-cluster method HCO and
cluster-and-combine method HCL is valid and admissible. I.e.,
the ultrametrics uCO

X defined by (11) and uCL
X defined by (10)

are ultrametrics for all IX = (X, dX , d̄X); moreover, the
methods HCO and HCL satisfy axioms (A1) and (A2).

Proof: The proofs for Prop. 1 and Thm. 1 are both technically
rich and therefore we refer readers to [1] for details. �

Given that we have constructed two admissible methods
satisfying axioms (A1)-(A2), it is natural to ask whether
these two constructions are the only possible ones, and if
not, whether they are special with respect to other satisfying
methods. We prove the important characterization that any
method H satisfying axioms (A1)-(A2) yields ultrametrics that
lie between uCL

X and uCO
X .

Theorem 1 Consider an admissible clustering method H sat-
isfying axioms (A1)-(A2). For an arbitrary IX = (X, d̄X , dX)
and 0 ≤ α ≤ 1, denote (X,uX) = H(IX) the output of
applying H onto IX . Then for any pair of nodes x, x′ ∈ X ,

uCL
X (x, x′) ≤ uX(x, x′) ≤ uCO

X (x, x′). (12)

V. CLUSTERING OF NETWORKS VIA DISTANCE BOUNDS

In this section, we apply clustering methods to bounds
on metrics in the space of networks [10]. We have defined
network differences derived from an underlying metric in the
space of networks [11]. We briefly review definitions here. We
consider network in the form of NZ = (Z, rZ) with Z denotes
the set of points in the network and rZ : Z × Z → R+ a
relationship function. For points z and z′, the value rZ(z, z′) is
intended to represent similarity between the pair. The function
rZ is nonnegative and symmetric, satisfies rZ(z, z′) = 0 if
and only if z = z′, however, does not necessarily satisfy the
triangle inequality. The set of all networks is denoted as N .
Two networks NZ and NW are said isomorphic if there exists
a bijection π : Z → W such that for all x0:k ∈ Xk+1 we
have rW (π(z), π(z′)) = rZ(z, z′) for any z 6= z′ ∈ Z. Since
the map π is bijective, isomophism can only be satisfied when
Z is a permutation of W . When networks NZ and NW are
isomorphic we write NZ ∼= NW . The space of networks where
isomorphic networks are represented by the same element is
termed the set of networks modulo isomorphism and denoted
by N mod ∼=. The space NK mod ∼=k can be endowed
with a valid metric [11]. The definition of this distance requires
introducing the notion of correspondence [12, Def. 7.3.17]:

Definition 1 A correspondence between two sets X and Y is
a subset C ⊆ X × Y such that for all x ∈ X , there exists
y ∈ Y such that (x, y) ∈ C and for all y ∈ Y there exists
x ∈ X such that (x, y) ∈ C. The set of all correspondences
is denoted as C(X,Y ).

A correspondence in Definition 1 connects node sets X
and Y so that every element of one set has at least one
correspondent in the other. Network distance is defined by
selecting the correspondence that makes them the most similar.

Definition 2 Given NZ and NW and a correspondence C
between Z and W , the network difference w.r.t C is

ΓkZ,W (C) := max
(z,w),(z′,w′)∈C

|rZ(z, z′)− rW (w,w′)| , (13)

The network distance between NZ and NW is then defined as

dN (NZ , NW ) := min
C∈C(Z,W )

{ΓZ,W (C)} . (14)

For a given correspondence C ∈ C(Z,W ) the network
difference ΓZ,W (C) selects the maximum distance difference
|rZ(z, z′)−rW (w,w′)| among all pairs of correspondents. The
distance in (14) is defined by selecting the correspondence that
minimizes these maximal differences. The metric distances
defined here have been applied to compare networks with
small number of nodes and have succeeded in identifying col-
laboration patterns of coauthorship networks [11]. However,
because they have to consider all possible correspondences,
network distances are difficult to compute when the number
of nodes in the networks is large. To solve such problem,
we mapped networks to filtrations of simplicial complexes
and demonstrated that the difference between the homological
features of their respective filtration can be used as a lower
bound of dN [13]. Computation of homological features is
fast and we have applied these lower bounds in comparing
the coauthorship networks of academic journals.

On the other hand, ΓkZ,W (C) in (13) for any correspondence
C witnesses an upper bound on the distance dN . Therefore,
given a set of networks X where the i-th element xi denotes
a network Ni, we can evaluate the upper and lower bounds of
network distance dN (Ni, Nj) for any pair Ni and Nj in X
to yield a metric in the space of networks where distances are
given by intervals (X, dX , d̄X). Clustering methods can then
be applied towards the triplet to categorize networks.

As an example of network classification, we consider real-
world brain networks of patients diagnosed with Fronto-
Temporal Dementia (FTD) or Alzheimer’s disease (AD) as
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Fig. 6: Resulting dendrograms of cluster-and-combine method (a) and combine-and-cluster method (b) applied upon the triplet
(X, dX , d̄X) in the brain network application. Each node in the dendrograms represents the brain structural connectivity network
of a participant, where healthy controls are labeled as ‘H’, patients with FTD as ‘F’, and patients with AD as ‘A’.

well as healthy controls [14]. For each network NZ = (Z, rZ),
Z denotes the set of 119 brain regions, where each region
z represents brain areas that are anatomically similar. The
relationship function rZ(z, z′) denotes the number of con-
necting neurons between brain regions z and z′. There is an
underlying labeling of brain regions, and therefore given a pair
of networks NZ = (Z, rZ) and NZ̃ = (Z, rZ̃), it is reasonable
to utilize the sum of differences on all connections

db(NZ , NZ̃) :=
∑
z 6=z′
|rZ(z, z′)− rZ̃(z, z′)|, (15)

as the difference between the pair; we use this as a benchmark
with the methods proposed in the paper. Nonetheless, using
the same labeling assumes that same brain region has exactly
identical functionality across all subjects, while in reality brain
region z of one subject might be the most similar with brain
region z′ 6= z of another subject. Motivated by this, we
consider brain networks as unlabeled entities and evaluate the
bounds of network distance dN (NZ , NZ̃) defined in Definition
2. In specific, the lower bound dX(NZ , NZ̃) is established via
the difference in the homological features. The upper bound
d̄X(NZ , NZ̃) is constructed using the correspondence C

d̄X(NZ , NZ̃) := max
z 6=z′
|rZ(z, z′)− rZ̃(z, z′)|. (16)

We apply cluster-and-combine as well as combine-and-
cluster methods upon the constructed metric in the space
of networks with distances given by intervals (X, dX , d̄X)
with confidence level α = 0.5. Figure 6 shows the re-
spective dendrogram, where healthy controls are labeled as
‘H’, patients with FTD as ‘F’, and patients with AD as ‘A’.
We note that from the resulting dendrograms, the difference
between the resulting dendrogram of HCL and HCO is small.
This observation combined with the guarantee established by
Theorem 1 further demonstrates that the outputs of all feasible
hierarchical clustering methods do not differ by much. Besides,
networks corresponding to patients with same health status
(‘H’ or ‘F’ or ‘A’) tend to be clustered together at lower
resolution, which is highlighted by bold colored lines in the
dendrograms. Finally, as a quantitative benchmark, we evaluate
the error of unsupervised classification based on the output
ultrametrics uCL

X and uCO
X in classifying healthy controls from

patients with either FTD or AD, and compare its error with the
similar investigation based on single linkage applied towards
the benchmark difference db(NZ , NZ̃) defined in (15). The

clustering methods HCL and HCO yield 28.38% unsupervised
classification error, which is slightly better than the 29.73%
error of the benchmark.

VI. CONCLUSIONS

We developed a theory for hierarchically clustering metric
spaces where distances are given by intervals. We begin by
identifying reasonable axioms. Two admissible methods were
constructed and were proved as upper and lower bounds for
all admissible methods. We explored the practical usefulness
by clustering networks denoting brain structural connectivity
via the upper and lower bounds of network distances. The
proposed methods made a moderate success in associating
brain connectivity networks to their neruroscitific behaviors.
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